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Abstract 

We define the notion of conditionally monotone product as a part of conditionally free prod- 
uct, which naturally includes monotone and Boolean products, and moreover, orthogonal product. 
Then we define conditionally monotone cumulants which are useful to calculate the limit distribu- 
tions in central limit theorem and Poisson's law of small numbers. We also prove a combinatorial 
moment-cumulant formula which is parallel to the one for conditionally free convolution. Moreover, 
we introduce deformed convolutions arising from the conditionally monotone convolution of probabil- 
ity measures and compute the limit distributions. In order to understand the validity of cumulants, 
we discuss what are cumulants of a given convolution product in general. 

1 Introduction 

Non-commutative notions of independence are connected deeply with the products of states on the free 
product of algebras (with or without the identification of units). There are two "universal products" 
(classical and free) defined on the free product of algebras with the identification of units [3T] and 
there are five "natural products" (classical, free, Boolean, monotone and anti-monotone) defined on the 
free product of algebras without the identification of units [HJ [Mj • These results can also be understood 
in terms of tensor structures with inclusions [2]. 

The conditionally free product of states and the conditionally free convolution of probability measures 
have been introduced as generalizations of the free product and the free convolution [5] . This notion can 
be seen as a universal product of pairs of states which could be defined similarly to the definition in [31] . 

Free and Boolean products and their cumulants [32|,I33| can be derived from conditionally free product 
and conditionally free cumulants. In addition, monotone product can also be derived from conditionally 
free product [TJ]. This is an interesting fact, which is, however, not easy to manipulate in the following 
points: it is difficult to repeat the calculation of monotone product in terms of conditionally free product; 
it is difficult to derive monotone cumulants from conditionally free cumulants. 

In this paper, we introduce conditionally monotone product of pairs of states which is a parallel notion 
to conditionally free product although it can be defined as a part of conditionally free product. In terms 
of conditionally monotone product, monotone and Boolean products appear naturally. We also define the 
notion of conditionally monotone independence as an abstraction of the conditionally monotone product. 
We briefly mention a connection between conditionally monotone (free) independence and orthogonal 
independence, the latter of which has been introduced in |19j . As a result, the characterization of 
orthogonal convolution (Theorem 6.2 in |19j ) can be derived from the one of conditionally monotone 
convolution. 

In terms of probability measures, we can define conditionally monotone (additive) convolution. We 
introduce conditionally monotone cumulants which linearize the powers of a probability measure. Mono- 
tone and Boolean cumulants can be derived from conditionally monotone cumulants. We obtain the 
moment-cumulant formula with the use of the combinatorics of monotone partitions. 
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Multiplicative conditionally monotone convolution will also be interesting, which is expected to include 
monotone, Boolean and orthogonal multiplicative convolutions (see [4] [T3l H31 [20] ) . This aspect will 
be studied in another paper. 

In connection to conditionally free convolution, the i-transformation has been introduced in |7] , which 
is later generalized in |16j . It is important that the t-deformation of free convolution gives an interpolation 
between free and Boolean convolutions [7J Moreover, several other deformations of convolutions 
arising from conditionally free convolution have been found in [15j [28l [29]. (In [18] another type of 
interpolation has been obtained.) Motivated by these works, we define deformed convolutions arising 
from conditionally monotone convolution associated with maps from the set of probability measures 
into itself. These kinds of convolutions naturally include monotone and Boolean convolutions. Then 
we show that the generalized ^transformation, the Va-transformation and a transformation related to 
a [>-infmitcly divisible distribution give associative convolutions in the present situation. In particular, 
the t-transformation gives an interpolation between monotone and Boolean convolutions. Thus, many 
transformations found in [7] [HI E3 EE (Ml HH] also give associative convolutions also in the present 
situation. 

Moreover, we show necessary and sufficient conditions under which the deformed convolution preserves 
the set {/Lt;supp/z C [0, oo)} and the set is symmetric}. These results generalize the results in 

Boolean and monotone cases [10) . 

We introduce cumulants of the deformed convolution by a map T . Then we calculate limit distributions 
for some associative convolutions. In order to confirm the validity of the cumulants of the deformed 
convolution, we consider the uniqueness and the existence of cumulants of a general convolution product 
in Section [U 

2 Preliminaries 

2.1 Reciprocal Cauchy transform 

The Cauchy transform of a probability measure \i is defined by 

G^(z) = I — !— d/x(x), zeC\R. (2.1) 

JR Z X 

The reciprocal Cauchy transform of a probability measure fi is defined by 

ff^)~, Z 6C\i, (2.2) 

which is an analytic function from the upper halfplane into itself. As a result, has the following form: 

H^z) = b + z+ [ l±±ldn(x), (2.3) 
J R x — z 

where 6 g R and 77 is a positive finite measure. Conversely, any function of the form of the right hand 
side of (|2.3p is a reciprocal Cauchy transform of a probability measure. 

2.2 Monotone independence 

Muraki has defined the notion of monotone independence in [24 . The following definition is slightly 
different from the original one. Let (A, ip) be an algebraic probability space and let I be a linearly 
ordered set. A family of subalgebras {Ai}i<=i is said to be monotone independent if the equality 

f{a 1 a 2 ■ ■ ■ a n ) = Lp(a J )f(a 1 a2 ■ ■ ■ dj-idj+i ■ ■ ■ a n ) (2.4) 

holds for ak € Ai k with i\, !2,' - ,i„ € /, ij—i < *j > an d 1 < j < n. When j = 1 (resp. j = n), 
the condition < ij > ij+i becomes i\ > 12 (resp. i n -i < in)- He has also defined the monotone 
convolution fj,l>v of two probability measures /x, v and proved that monotone convolution is characterized 
by the formula 

H ll>v = H„oH v . (2.5) 



2 



Monotone convolution is non-commutative and associative. 

Let NC(n) be the set of all non-crossing partitions [27]. Let M.(n) be the set of all monotone partitions 
defined by 

M(ri) := {(tt, A);tt G AfC(n), if V, W e tt and F is in the inner side of W, then V >\ W}, (2.6) 

where A denotes a linear ordering of the blocks of tt and V >\W means that V is larger than W under 
the liner ordering A. (See [25l[26j, and also [2T1I22] .) 

In the paper [11] the notion of monotone cumulants have been defined. Monotone cumulants do 
not satisfy the additivity for general probability measures, but satisfy the additivity for identical ones: 
r n (/j, t>N ) — Nr n (fi). The moment-cumulant formula is given by 

m„(fi) = Oj II r iv|(»- (2-7) 

(ir,\)eM{n) ' Veir 



2.3 Conditionally free independence 

Let / be an index set. Let Ai be a unital *-algebra and let (pi, ipi be states on Ai for i € I. The 
conditionally free product of triples (Ai, ipi, has been introduced in the paper [Sj. We set (^4, ip, ip) = 

*iei(Ai,(pi,ipi) by A := *ieiAi (the free product with the identification of units) and ip := *i^iipi (the 
free product of states), ip is defined by the following condition: the equality 

n 

<p(ax ■ ■ ■ o n ) = JJ Pi k (ah) (2.8) 
fc=i 

holds if afc G Ai k with ii =/=■■■=/= i n and ipi h (a&) = for all 1 < k < n. 

The conditionally free convolution of pairs of probability measures (p\, v\) and (/j,2, V2) also has been 
introduced in the paper [5] . Define the i?-transform and the conditionally free /("-transform by 

' z-R Vi (G Vi (z)), (2.9) 



-l— = z -R 0HiUi) (G Vi {z)), (2.10) 

for %= 1,2. We expand Ri^ <v \(z) — Y^Li Rnip, v)z n ~ x as a formal power series. Rn(h,v) are called 
conditionally free cumulants. Similarly, we expand R u (z) = 2 n =i R n( l/ ) zn ~ an d Rn( v ) are called free 
cumulants. In this paper, H^(z) is more useful than G^(z) and correspondingly we use 0(^«)(z) := 
Rm(t.) and (p v (z) := R v {\). Then (JSU) and (j2T0l) can be written as 

H Vi {z) = z - (j> Vi {H Vi {z)), (2.11) 
H m (z) = z-<p i ^ Vi) (H Ui (z)). (2.12) 

Moment-cumulant formula for conditionally free convolution is given by 

%w= e ( n R w\(^v))( n r w\(v)), (2.13) 



Tr£AfC(n) Ven, VEtt, 
V : outer V : inner 

which is a generalization of the moment-cumulant formulae for free and Boolean cases. 

The conditionally free convolution of (pi, v\) and (fi2, ^2) is the pair (/i, v) — (pi, v\) EB (/i2, v%), where 
fj, and v are characterized by 

0„(*) = M*O + (2-14) 
^(/^(X) = 4>(^, Vl )(z) + 4> {p2tV2) {z). (2.15) 

We denote by (pi Vl ffl^ ^2, ^1 ffl 1/2) the conditionally free convolution of (/xi, ^1) and (p.2, v-i)- 
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2.4 Technical facts 

We summarize the notation and several lemmata which will be used in this paper. Let V, V 2 , V m , V c , V+ 
and "Psym be the set of probability measures, the set of probability measures with finite variance, the set 
of probability measures with finite moments of all orders, the set of probability measures with compact 
support, the set of probability measures whose supports are contained in [0, oo) and the set of symmetric 
probability measures, respectively The following lemma is a slight generalization of Proposition 2.2 in 

m- 

Lemma 2.1. A probability measure p belongs to V 2 if and only if has the representation 

H IM (z)=a + z+ [ —^—dp(x), (2.16) 
J R x — z 

where a G K, p a positive finite measure, a and p are determined uniquely. Furthermore, we have 
p(K) = & 2 (p) and a = —m{p), where m(p) denotes the mean of p and o~ 2 {p) denotes the variance of p. 

We define a{p) := mi{x G supp//} and b(p) := sup{x G supp/x}. We note that — oo < a(p) < oo and 
— oo < b(p) < oo hold. The following lemmata l2.2H2.5l have been proved in [ID] . 

Lemma 2.2. Let v and p be probability measures. Then the following inequalities hold: 

(1) If suppu n (— oo, 0] ^ and suppv n [0, oo) ^ 0, then a{p) > a{y > p) and b{p) < b(y > p). 

(2) If suppv C (—oo, 0], then a(p) > a[v D> p) and b(v) + b{p) < b{y > p). 

(3) If suppv C [0, oo), then a{v) + a(p) > a(v > p) and b(p) < b(v \> p). 

Lemma 2.3. We use the notation in (2.5$ . For p S V , the condition p G V+ is equivalent to the 
following conditions. 

(1) supprj C [0, oo); 

(2) < 0. 

The conditions (2) is equivalent to the conditions rj({0}) = 0, J °° -drj(x) < oo and b + J °° -drj(x) < 0. 

Lemma 2.4. Let {pt}t>o be a weakly continuous >- convolution semigroup with po — Sq. Then the 
following statements are equivalent: 

(1) there exists to > such that supp pt C [0, oo); 

(2) supp p t C [0, oo) for all < t < oo; 

Lemma 2.5. We assume that the support of each pt is compact {this is a time-independent property). 
Then the following statements are equivalent. 

(1) There exists t$ > such that pt is symmetric. 

(2) p t is symmetric for all t > 0. 

Lemma 2.6. V+ and "P sym are closed subsets of V under the weak topology. 

Proof. Let {p n } C be a sequence converging to p G V . The weak convergence implies that 
p((— oo, 0)) < hminf /i„((— oo, 0)) = 0; therefore, p G V+. 

For a probability measure v, v G T^ym is equivalent to the condition 

/ g(x)dv(x) = for all g G C 6 (K), ,g(-.x) = - 5 (x), (2.17) 

where C&QR.) is the set of bounded continuous functions on M. This equivalence can be proved by a simple 
approximation argument. Then the conclusion is not difficult. □ 
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3 Conditionally monotone independence 

It is known that free, Boolean and monotone product of states (denoted by *,o and >, respectively) 
can be derived from conditionally free product Q3] , which we explain briefly. We consider triples of 
algebras and states (Ai,(pi,ipi) and (A2,<p2,ifa). We assume that A4 has a decomposition 

with a subalgebra A® (i = 1, 2). Then the delta state Si (i = 1, 2) is defined by <5,(A1 + a ) = A for A € C 
and a € .A?. <5i is a homomorphism from „4.; to C. Conversely, if there exists a homomorphism from Ai 
to C, then A® is given by its kernel. Then we have the following relations. 

(ip, ip) * (ip, ip) = (p * ip, <p * ip) on A\ * A 2 , (3.2) 
(if, 81) * {ip, 8 2 ) = (p o V, <5i * <5 2 ) on A\ * (3.3) 
(p, Si) * (ip, ip) = (p>\> ip, ip) on A° 1 *A 2 - (3.4) 

In terms of (compactly supported) probability measures, the equalities (|3.2|) - (|3.4|) can be written as 

ffl (v,v) = (/iffli/,/iffli/), (3.5) 
GMo)ffl(Mo) = (M«Mo), (3.6) 
(//, <5 ) ffl f ) = (Mt^.f)- ( 3 - 7 ) 

We can understand the associativity of Boolean convolution by (|3.6p since conditionally free convolution 
is associative. The associativity of monotone convolution is, however, not easy to understand by (|3.7p 
since we cannot repeat the calculation of (|3.7|) . We show that the monotone convolution of the second 
components of pairs of probability measures is suitable to repeat the calculation. 

Definition 3.1. (1) Let (Ai, pi,ipi) and (A2, P2, 1P2) be triples consisting of algebras and two linear func- 
tionals and let A\ * nu A2 be the free product without the identification of units. We define conditionally 
monotone product 

(Ai,p>i,ipi) > (A 2 ,ip2, 1P2) ■= (Ai *nuA 2 ,(pi >v>2 <P2,ipi >ifa), (3-8) 

where p\ D>^ 2 P2 is defined as follows. We denote the unitization of each Ai by Ai := C l-^ © Ai (see [2]). 
(When Ai contains a unit 1^, 1^ ^ ^xO Then we have A\ * nu A2 = Ai * A2 naturally. The linear 
functionals p>i and ipi are naturally extended to pi and ipi on Ai by ^(l-^) = 1 and ipi(l~^) — 1. We 
denote by 8\ the delta state of the decomposition A\ = C 1 © Ai- We define t^i t>^ 2 (^2 by the restriction 
of Pig*^ P2 on Ax * nu _A 2 - 

(2) For pairs of probability measures and (^2,^2), we define the conditionally monotone con- 

volution {ni,vi) > (^2,^2) by (/ii,^i) t> (^2,^2) := (mi >i/ 2 ^2,^1 > ^2), where /^i >„ 2 ^ 2 is defined by 

/il t>„ 2 pL2 := //I5 ffly 2 /i2- 

Remark 3.2. Since conditionally monotone product is defined on the free product without the identi- 
fication of units, the definition has been given for linear functionals. Conditionally monotone product, 
however, preserves the positivity of linear functionals since it is defined by the restriction of conditionally 
free product. 

Proposition 3.3. p,\ >„ 2 /12 is characterized by 

Hm>v 2 iJ.2 = o H V2 + H m - H U2 . (3.9) 

Proof. We immediately obtain the equality o H V2 (z) — H V2 (z) — (p^ lt s Q )(H U2 (z)) by (|2.12| . Since 
conditionally free product is characterized by the sum of tpQ , we have o H U2 (z) — H U2 (z) + H^ 2 (z) = 



5 



We can easily check by Proposition 13.31 that the conditionally monotone convolution of probability 
measures is associative, i.e., ((/Xi,i/i) > (^2,^2)) > (^3^3) = (Mij^i) ((^2,^2) > (^3:^3))- Then it is 
expected to be the case that the conditionally monotone product of pairs of linear functionals is also 
associative, which will be proved below. We use the following notation: for a linearly ordered index set 
I = 0i)*2) ' " i in} w ith ii < h < ■ ■ ■ < in, we set 



iel 

Proposition 3.4. Let (Ax, (fx, ipx) an d (A2, ^2,^2) be triples consisting of algebras and two linear func- 
tionals. We have the following formula. 

fi l> ^2 (016102 ■ ■ ■ b n -ia n ) = 

e ( n Mbj)) ( u(Mbj) - Mb,))) n 

Viiasj) (3.10) 

sc{i,-,"-x} j$s jes j 

for ak € Ax, bk G A2, where ■— Y[k£Sn a k- {Sj} is a partition of {1, • ■• ,71} determined by S as 
follows: if S = {ki, • • • , k m } with 1 < k\ < ■ ■ ■ < k m < n — 1, then Sj := {fcj-i + 1, • • • , kj} for 
1 < j < m + 1, where ko := and fc m +i := n. If S =%, then S\ = {1, ■ • ■ , n}. IX, g ^(bj) is defined to 
bel. 

Proof. Let and ?/fc be (non-commutative) variables in an algebra over C with unit 1 and let pj G C. 
Then the following identity holds: 

xiVix 2 ■ ■ ■ Vn-iXn = E {\\Pj){ x s 1 {yk 1 -Pk 1 l)x S2 {vk 2 -Pk 2 l)- ■ ■(Vk m -Pk m ^)xs m+1 ) (3.11) 

SC{1,— ,n-l} j$S 

where we have used the same notation as explained below (|3.10l) . (|3.11[) is proved by induction about the 
number n easily. We put Xj = a, G Ax, yj = bj G A2, Pj = ^2 (61) and we use the unit 1 — — - . Taking 
the expectation of (|3.11j) w.r.t. fig*^ f2, we obtain the result by the definition of the conditionally free 
product. □ 

Theorem 3.5. Let (Ax,<px,ipx) and (A2, f2, ^2) be triples consisting of algebras and two linear func- 
tionals. The calculation rules for the conditionally monotone product are what follows. 

(1) ipi Lp 2 {biaib 2 a2 ■ ■ ■ a n b n+ i) = (P2(bx)p2(b n +i)v >V'2 ^2(010202 • ■ ■ b n a n ) 
for a k G Ax, b k G A 2) n G N. 

(2) <px>i> 2 <P2(aibi ■ ■ -6„_ia„) = (V2(bj)-i>2(bj))(fx>^ 2 ^2(016102 • • -bj-xaj)(px>^ 2 (p2(aj+xbj + x ■ ■ -b n -xa n ) 

+ i>2{bj)vx >ti> 2 Vi{axb\a2 ■ ■ ■ bj-xdjCbj+xbj+x ■ ■ ■ 6„_ia„) 
for a k G A, 6 fc G A 2 , 1 < j < n - 1, n G N. 

Proof. Since (1) can be proved similarly, we only prove (2). Moreover, we assume that j = 1 since the 
proof ft 
obtain 



proof for general j is essentially the same. We denote by 1 the unit 1^-^ — for simplicity. First we 



W-sffe ^2( a i & i fl 2 ' ' • K-iOn) = <PiJ*$; ^( a i(°i - ifa(h)l)a2 ■ ■ ■ b n -xa n ) 

+ ^2(61)^^*^ Wi{a\a 2 ■ ■ ■ 6„_ia„). 
Using the identity (|3.11[) and the definition of conditionally free product, we have 
¥is*jT 2 Wi(ax(bx - i/>2(6i)l)a2 • • • b n -xa n ) 

= ^St*iT 2 <P2\ai(bx - ip 2 (bx)l) ^ ( ]J ^( b s)j ( a Si (hi ~ ^2(^)1) ••■ as m+1 )j 

Sc{2,- ,n-i} j^S 

ISI+l 

= (^(61) - Mbi)) e ( n Mh)) (n^(^) - imm))pi(oi) n 

= (/3i(ai)(v? 2 (&i) - ip2(bi))(pig*^ ^2(02^2 • • - bn-xan). 

□ 
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Theorem 3.6. Conditionally monotone product is associative. 

Proof. Let (Ai,<fi, 4*i) (1 < « < 3) be triples consisting of algebras and two linear functional. Wc identify 
(Ai *nu A 2 ) *nu A3 with Ai *nu (A 2 * n u A3) naturally and denote them by Ai * n u A2 *nu A3. What 
should be proved is the equality tpi >^ 2t> ^ 3 {ip 2 >v> 3 ^3) = {fx >V> 2 ¥2) >v> 3 9?3 on Ai *„„ A 2 *nu A3. We 
call x G Ai * nu A2 *nn A3 an elementary element if x is of such a form as x = x\x 2 ■ ■ ■ xjsr, Xj G Ay, 
ii =/=■■■=/= i n . We give a proof by induction about the number of elements of .A3 in elementary elements. 
In this proof we use the notation a, a' or aj for elements in Ai, b, b' or bj for elements in A2 and c or Cj 
for elements in .A3 without any references. 

When x G A 2 *nu A3 C A\ * nu A 2 * nu A3, we can easily prove that tpi l>^ 2 >^ 3 {ip 2 >«/> 3 V?,){x) = 
(tpi \>tj, 2 <p 2 ) t>ib 3 f3{x). We assume that the statement is the case for elementary elements containing not 
more than n elements in .A3 . Let x be an elementary element containing n + 1 elements in .A3 . Let c be 
the (n + l)-th element in A3 contained in x. Except for some cases explained below, x can be written as 
x = uavcw, where each component satisfies the following property: 

(i) u is an elementary element in Ai *„« A 2 * nu A3 containing not more than n elements in ^3; 

(ii) v is an elementary element in A 2 * n uA3 containing not more than n elements in .A3. The last element 
in v belongs to A 2 , i.e., v = v'bi; 

(iii) w is an elementary element in Ai * nu A 2 . 

When x is of such a form as x = uacw, the following proof is applicable if v is understood to play the role 
of a unit. By the property (1) in Theorem 13.51 the proof is easy when x is of such a form as x = uavc. 
When a does not appear, again by the property (1) in Theorem 13.51 the proof becomes easy. Therefore, 
we only prove for x of the form uavcw. We consider the following two cases: (1) The first element in w 
belongs to A\, i.e., w — a'w'; (2) The first element in w belongs to A 2 , i.e., w = b 2 w' . 
Case (1): We obtain 

(tpi t>^ 2 (p 2 ) 0^3 ip 3 (uavcw) 

= (V3(c) - l/)3(c)){<pi O-0 2 (fi 2 ) ></, 3 ip3{uav){lfi >Tjj 2 ip 2 ) 0^3 ip 3 (w) 

+ t/> 3 (c)(y>i ip 2 ) 0^3 ip 3 (uavw) 
= (923(c) - ip3{c))<pi >V> 2 >V>3 (<P2 >V' 3 ¥3){uav)^i l>^ 2 <p 2 (w) ^ 

+ ip3(c)ipi \>^ 2> ^ 3 (<p 2 >^, 3 ip3){uavw) 
= (^3(c) - rp 3 (c))<pi >v> 2 >V>3 (952 >V'3 f3)(uav)(p 1 [>^ 2 tp 2 (w) 

+ ^3(c)(9?2 >^ 3 9'3(w) - 1p2 > i>3{v))ipi >V'2>^3 (9^2 >Vs ^{ua)^! O v , 2 ip 2 (w) 

+ i>3(c)ip 2 > ip3(v)(fi >^. 2 [>^3 (<P2 0^3 f3)(uaw), 

where we have used the assumption of induction and the property (2) in Theorem 13.51 . On the other 
hand, we obtain 

<Pl ></> 2 t></> 3 (922 0^3 ¥>3)(uavcw) 

= (9?2 t>^ 3 953(«c) - V>2 > ^3{vc))ipi >v> 2 >v>3 (f2 9 5 3)(wa)9'i >i> 2 >i> 3 (¥2 9?3)M 

+ "02 > ip3(vc)ipi >v> 2 >v> 3 (952 >V'3 <ps){uaw) 
= ¥2 >v> 3 9 5 3(w)9 5 3(c)95i >V2>V3 (9^2 l>^ 3 <Pz){ua)ip\ >V>2>V>3 (^2 >v 3 Vz){ w ) 

- "02 > -03(w)03(c)95i >^ 2 >^ (9^2 >V'3 953)(wa)(^i >V2>V 3 (952 ></> 3 9?3)(w) 
+ 03(c)02 t> ^(^Vi >i> 2 >ip3 (¥2 >v-3 <P3)(uaw) 

= (953(c) - 03(c) + ip 3 (c))ip 1 >^ 2[ >^3 (952 l>v 3 953)("aw)95i ></> 2 952(w) ( 3 - 14 ) 

- "02 > -03(«)03(c)95i >V2i>V3 (9^2 ></. 3 9 5 3)(wa)9'i >^ 2 952(w) 
+ 03(c)02 > 1/J3(v)(fil >V2l>V3 (9^2 ></> 3 953)(wa^) 

= (953(c) - 3 (c))(^i > 1 /, 2>1 />3 (9^2 t>^ 3 9 5 3)(wa«)9 3 i >V>2 9^2(w) 

+ -03(0)951 >V2>V'3 (9?2 953)(wa)^2 >v> 3 953(w) - ip 2 > tp3(v)jipi O-0 2 (f 2 (w) 
+ ip3(c)ip 2 > "03(w)9'i >V2>V3 (9^2 953)(wa^)- 
Therefore, they coincide with each other. 
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Case (2): By the similar calculation, we have 

(ipi t>^ 2 <p 2 ) >v> 3 ip3(uavcw) 

= (V3(c) - ip3(c))(pi >V2>^-3 (V2 >Va (fi3)(uav)ip 1 >^ 2 ip 2 (w) 

+ ^3(0)^1 O^OVs {<P2 >V> 3 V3)(Maww) ^ 

= (V3(c) - ^3(c))Vl >V2>V3 (V2 <^3)(wa)^2 0^3 V3(w)<^l >-0 2 ^(w) 

+ ^3(c)(^2 l>^ 3 ¥3^2) ~1p2> ^3(vb 2 ))^l l>^ 2 l>^3 0?2 >V>3 ^3)(«0)^l >^, 2 ^(w') 
+ "03(c)^2 > ^3(^2)^1 l>^ 2 l>^3 (V?2 >V>3 ^3)(W0«/). 

On the other hand we have 

<Pi >ip 2 >il>3 (<Pa l> <P3)(uavcw) 

= (<^2 0^3 <^3(«c6 2 ) - ^2 > ^(vc&a))^ l>^ 2 |>^3 (v?2 >v 3 V3)("a)(pi ></, 2 (^2(w') 

+ ip 2 > ip3(vcb 2 )(pi t>v> 2 >^3 (^2 >v-3 <^3)(waiy') 
= <^2 0^3 <P3(v)(ipa{c) - i>a(c))<P2(fo)<Pl >i> 2 >i> 3 (<P2 >i> 3 <pa){ua)<pi >^ 2 <p 2 {w') 

+ 1p3(c)(fi2 >t/) 3 ipz(vb 2 )ip\ >i> 2 >i> 3 (V2 >* 3 ^)H^1 >V2 V>2{w') 

-1p2> 1p3(vcb 2 )(fil >V2>^3 (V>2 ^3)(wa)^i >rl>2 ^(w') (3.16) 
+ ^2 > ip3(vcb 2 )ipi >v> 2 >V'3 (^2 >V'3 ^3)(waw/) 
= <y32 ></, 3 ¥ , 3(w)(V3(c) - ip 3 (c))<Pi t>^ 2 i>v»3 (^2 l>^ 3 <P3)(ua)<pi >v<2 

+ ^3(2)^2 l>^ 3 V30&2Vl >V<2>^3 (^2 l>^ 3 ^3)(wa)^l <^2(W') 

- ip3(c)ip 2 > ip3(vb 2 )ipi >V2>V'3 (^2 >v-3 ^3)(wa)v?i [>^ 2 ^2(^0 

+ ip3(c)ip 2 > lp3(vb 2 )(fii >4, 2 t>4, 3 (lf2 ></>3 ^Jf™™')- 

Then y>j >v> a >v> 3 (^2 >^ 3 ^X^) = (Vi ^2 ^2) l>^ 3 <P3{x) for a; containing n + 1 elements in _4 3 . By 
induction, tpi >^ a >^i 3 (</?2 l>i/>3 ( / ? 3)( a; ) = (^1 fx) ^ips f3( x ) holds for all elementary elements x in 

A\ *nu A 2 * nu A3. □ 

By the associativity of conditionally monotone product, we can define the product \>i^i{Ai, ipi, ipi) 
for a linearly ordered set I. 

Now we define the notion of conditionally monotone independence. 

Definition 3.7. Let (A,(p,ip) be an algebraic probability space equipped with two states. Now we 
assume that A is unital. Let / be a linearly ordered set. A family of subalgebras {Ai}i<£i is said to be 
conditionally monotone independent if the following properties are satisfied: 

(1) (p{aia 2 • • • a„) = ip(ai)ip(a 2 ■ ■ ■ a„) for a k e A ik with i x , i 2 , ■ ■ ■ and i x > i 2 ; 

(2) (p(aia 2 ■ ■ ■ a n ) = tp(a n )(p(ai ■ • • a n -x) for «fc € A ik with i x , i 2j • • • ,i n G / and i„ > i n -i\ 

(3) <^(aia 2 • • -a n ) = {ip{a 3 ) - ip(aj))cp(a x ■ ■ ■ aj-i)<p(a,j+i •■•a n ) + ip(aj)(p(aia 2 ■ ■ -aj-icij+i •••«„) 
for afc G with i x , i 2 , ■ ■ ■ ,i n € 7 and < > ij+i with 2 < j < n — 1. 

(4) ip(a x a2 ■ ■ ■ a n ) = %j){aj)ip{a x a2 ■ ■ ■ Oj-iOj+i • • • a„) holds for a fe e A fc with i±, i 2 , ■ ■■ ,i n G 7, < 
ij > ij+i and 1 < j < n. When j = 1 (resp. j = n), the condition < ij > is understood 
to be i\ > 12 (resp. i n -\ < i n ). 

Remark 3.8. This definition includes monotone (resp. Boolean) independence when ip — ip (resp. 
tp = 0) on Ai for all i G /. 

We can prove that Ai (i € I) are conditionally monotone independent in (A, ip, ip) — t>iei(Ai, ipi, ipi). 

Here we mention a connection between conditionally monotone/free independence and orthogonal in- 
dependence. The reader is referred to [19] for the definition and the properties of orthogonal independence 
and orthogonal (additive) convolution. 
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Proposition 3.9. In the notation of Definition [X7| A\ is orthogonal to A2 with respect to the linear 
functional (ipi t>^ 2 O2, ipi > 1P2) in the algebra A := A\ * n u A2 for arbitrary linear functionals (fi,ipi,ip2- 
O2 is defined by the linear functional on A2 ■ 

Remark 3.10. Orthogonal independence has been defined in a unital algebra in [19 . To state this 
proposition strictly along the line of the original definition, we only need to unitize A and extend the 
linear functionals to A. 

Proof. This fact follows from Theorem 13.51 immediately. □ 
In terms of convolutions of probability measures, we obtain the following relations. 

(H,8 )m(8 ,v) = (ii\-v,v), (3.17) 
(/i,A) > (S ,u) = (fi\- v,X>v). (3.18) 

Orthogonal convolution has been characterized by H^ v (z) = H^(H v (z)) — H v (z) + z. (See Theorem 6.2 
in |19j.) If we use the relation in Proposition 13. 3[ this characterization follows immediately. 

We give another application. The equality [l>v=(\l\-v)\Av (see Corollary 6.6 in [19]) can 
be understood by the associativity of conditionally monotone convolution. We first note that (So,v) > 
(v, So) = (<5oi5(j33(5o v i v ) = ( v i v ) an d (a*' A*) (^0, v) — (m b v, fi). Then by the associativity we can calculate 
(/1, /i) t> (Sq, v) t> (v, So) in different two ways and we obtain ((fi b v) tfcl p, /i > v) = (fi > u, fi t> v). 

4 Cumulants of a convolution 

To define conditionally monotone cumulants and the related cumulants in the sections [5] and 1101 we 
consider what are cumulants of a convolution product. We do not consider cumulants of a convolution 
of pairs of probability measures, which can be also possible with a slight generalization. 

For a given convolution □ defined on P m , we consider what are cumulants of □. We shall treat 
convolutions which are not necessarily commutative for the later applications. All results in this section 
hold for both V m and V c , except for Theorem l4.9l Then we use the set P m mainly. 

Definition 4.1. (1) We define recursively v Un := ^D^ " -1 for v € V m . □ is said to be power associative 
if i, n ("+ m ) = v Un Uv Um for all m, n>0. 

Let m n (/i) be the n-th moment of fi S V m . We put the following assumptions. 

(Ml) There exists a polynomial P n of 2n — 2 variables for each n > 1 such that 

m n (pDv) = m n (n) + m n (u) + P n (mi(p), ■ ■ ■ , m n _i(^), mi(v), ■ ■ ■ ,m n -i(v)). (4.1) 
(M2) The polynomial P n contains no constants for any n > 1. 

Remark 4.2. The condition (M2) is equal to the condition SoOSo = So- 

Let r n (/i) be a polynomial of {mk((J-)}k>i for any n > 1. We consider the following properties. 
(CI) Power additivity: for any n, N > 1, 

r„( M DJV ) = Nr n (fi). (4.2) 

(C2) There exists a polynomial Q n of n — 1 variables such that 

r n (p) = m„(n) + Q n (mi(p), ■ ■ ■ ,m n -i(fx)). (4.3) 

(C2') In addition to the condition (C2), the polynomial Q n never contains linear terms mfe(/i), 1 < k < 
n — 1 for any n. 
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If a sequence {r n } satisfies (C2), we can write m„ by r n as 

m n {n) = r n (p) + i?„(ri(/Lt), • • • ,r n _i (//)), (4.4) 

where i?„ is a polynomial of n — 1 variables. 

We note that in many important examples the condition of homogeneity 

r n (D X Li) = A"r„( M ) (4.5) 

holds, where D\ is the dilation operator defined by (D\/j 1 )(B) = /i(X~ 1 B) (see [E]). Indeed, this condition 
holds for classical, free, Boolean, monotone convolutions (see [T7] for Boolean and free convolutions and 
see [TT] for monotone convolution). Clearly (C2) and (|4. 5|) imply (C2'). We do not assume this condition 
since the uniqueness of cumulants follows from only (CI) and (C2') (see Theorem l4.4j) . Moreover, there are 
examples which satisfy (C2') but do not satisfy (|4.5p such as the cumulants of the convolution deformed 
by the 14-transformation [15] . 

If there exists a sequence {r n } satisfying (CI) and (C2), we consider a transformation of the form 

n-i 

r n i ^ r' n := r n + ^ a «,fc r fc ( 4 - 6 ) 

k=l 

for real numbers a n ^k, 1 < k < n — 1, 1 < n < oo. This transformation clearly preserves the properties 
(CI) and (C2). Moreover, we obtain the following property (1). 

Proposition 4.3. We assume (Ml) and (M2) and assume that □ is power associative. 

(1) If there are two sequences {r n } and {r' n } satisfying (CI) and ( C2), there exists a unique transformation 
of the form f^.6[ ) which maps {r n } to {r' n }. 

(2) The polynomial Q n in (C2) never contains a constant term. 

Proof. (1) There exists a polynomial A n of variables n — 1 for each n > 1 such that r' n — r n + 
A n (ri, ■■■ , r„_i) by (1131) and <HH> - Replacing /i by /i DAr , we obtain TVr^ = Nr n + A n (Nr X: • • • , iVr„_i) 
for any N. This is an equality of polynomials of N, and hence, A n is of the form A n (ri, ■ ■ ■ , r n _i) = 

En— 1 

(2) We show the fact inductively. For n — 1, there exists b\ € K such that ri = mi + 6i. Since P n does not 
contain a constant term in (|4.ip . we have mi (//□//) = 2mi(/x), which implies 2ri(/i) — 6i = 2ri(/i) — 2&i. 
Therefore, b\ = 0. We assume that Q n does not contain a constant term for n < k. By a similar 
argument, we can prove that Qk+i does not contain a constant term. □ 

Proposition 4.4. We assume (Ml) and (M2) and assume that □ is power associative. The following 
statements are equivalent: 

(a) There exists a sequence {r n } n >i satisfying (CI) and (C2); 

(b) There exists a sequence {r n } n >i satisfying (CI) and (C2'); 

(c) m n (/j!^ N ) is a polynomial o/rai(/i), • • • ,m n (/x) and N for any n. 
Moreover, the sequence {r n } in (b) is unique and is given by 

r n {n) = ^™«(M DJV ) „ „• (4.7) 



N=Q 



Remark 4.5. We can see from (|4.7[) that cumulants are deeply connected with convolution semigroups 
{fit}t>o with /io = 5q and the notion of infinite divisibility. 



Proof. (1) (a) =>• (c): If there exists a sequence {r„}„>i satisfying (CI) and (C2), we have 

m„( M njv ) = r„(/x DJV ) + Rn( ri (n DN , ■ ■ ■ .rn-xfci ")) 
= Nr n (n) + R„, (Nn fa) , ■ ■ ■ , Nr n - ,.(/*)) 



(4.8) 

Nm n (fi) + NQ n (mi (/x) , • • • , m„_ i (fi) ) 

+ R n (Nm 1 (fx),--- , Nm n -i(fji) + iVQ n _i(mi(/z), • • ■ ,m„_ 2 (M)))- 
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Therefore, m n (fi aN ) is a polynomial of N and mfc(/i). 

(c) => (a): By (Ml), (M2) and the assumption (c), m n (fj nN ) has such a form as 

L 

m n {n aN ) = Nm n (fx)+Y,N l Si(m 1 (n),--- ,m„_i(/i)). (4.9) 
;=o 

We define 

r»(M) := ^™^ DiV )L (4 . 10) 
= m n (/i) + Si(mi(/z), • ■ • ,m n _i(/i)). 

By the power associativity of □ we obtain (CI). (C2) follows from (|4.10p . 

(a) =>■ (b): For a sequence {r„} satisfying (CI) and (C2), we can write r n in the form r n = m n + 
Sfe=i b n ,km-k + T n (mi, • • • , m n _i), where T„ is a polynomial which does not contain linear terms m/c, 
1 < fc < n — 1. We define a new sequence {r' n } inductively as follows: r[ :— ri, = r2 — &2,iTi, 
= r„ — X)fc=i a n,kr' k for n > 2. Then do not contain linear terms m^. 

We note that Q n does not contain a constant term by Proposition 14.31 (2). If there exists a se- 
quence {r n } satisfying (CI) and (C2'), the corresponding polynomial R n in l|4.4[) also does not con- 
tain linear terms m/., 1 < k < n — 1 and a constant term. Therefore, the equality m n (^> ) = 

□ 

AT=0 



Nr n (n) + RniNr^fj,), ■■■ , Nr n -i(ji)) implies that r„ = -J^m n (n aN ) 



Definition 4.6. Let □ be a power associative convolution defined on V m satisfying (Ml) and (M2). Then 
the polynomials r n satisfying (CI) and (C2') are called the cumulants of the convolution □. Cumulants 
are unique. 

Remark 4.7. This definition is a generalization of the cumulants in classical, free, Boolean and monotone 
probability theories. 

We can prove the existence of cumulants. 

Theorem 4.8. We assume the conditions (Ml) and (M2) for a power associative convolution □. Then 
cumulants of □ exist. 

Proof. It is sufficient to prove that m n (fjP N ) is a polynomial of N by Proposition ^. 41 Then the proof is 
the same one as given in |llj . which we omit here. □ 

We discuss when the additivity of cumulants holds. In the proof of the following theorem, we assume 
the convolution is defined on V c to assure that moments determine a unique probability measure. 

Theorem 4.9. Let □ be a power associative convolution defined on V c satisfying (Ml) and (M2). Let 
r n be the cumulants. Then the following conditions are equivalent. 

(1) r n {pL\v) = r n (ji) + T n (y) for all n and fi, v G V c . 

(2) □ is associative, commutative and P n in does not contain linear terms mk(fJ>) and mk{v), 
1 < k < n — 1 for any n. 

Proof. (1) => (2): The associativity and commutativity follow immediately since probability measures 
with compact supports are determined by the cumulants. By (Ml) and (|4.4[) we obtain the identity 

P n (mi(n), ■ ■ ■ ,m„_i(/j),mi(i/), • • • ,m„_i(i/)) 

= Qn(mi(p), ■ ■ ■ ,m n _i(/x)) + Q n (mi(v), ■ ■ ■ ,m n -i(v)) 
+ Rn(ri(fi) + ri(u), ■ ■ ■ ,r n -i((j,) + r n -i(v)). 
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By (C2'), Q n and R n do not contain linear terms. 
(2) =>■ (1): By (Ml), (C2') and g3J) 

r n (pDu) = m n {pUv) + Q n (mi(fjiDu), ■ ■ ■ ,m n _i(/di/)) 

= r n (fj,)+r n (v)+P n (mi(fJ,),-" , mi(v), ■ ■ ■ ,m„-i(c)) 

+ i?„(ri (//),■• • ,r n -i(fi))+Rn(ri(i/),-" ,r„_i(z/)) 
+ <5„(mi(/iD^),--- ,m„_i(^Di/)). 

Therefore, there exists a polynomial U n which does not contain linear terms such that r n ((jJ3v) = r n (/i) + 
T n {v) + U n (r\ (/i), • • • , r n -i(n), ri(v), ■ ■ ■ , r n -i(u)). We replace [i and v by fjP N and z/ DAr , respectively. 
We note that by the associativity and commutativity, it holds that r n (ljP N Di' aA r ) = r n (dj>\3i>) DN ) = 
Nr n QjDu). Then we obtain iVr„ (//□!/) = JVr n (//)+JVr n (i/)+t/ n (JVn(//), • • • , JVr n _iO*), Nn(y), ■ ■ ■ ,Nr n . 
This can be seen as an identity of polynomials of N; therefore, we have U n = 0. □ 

Theorem 4.10. Let □ be a power associative convolution defined on V m satisfying (Ml) and (M2). Let 
r n be the cumulants. 

(1) (central limit theorem) For /i G V m with mi(/z) = and mjf/i) = 1, we define := (D i (J>) aN ■ 

Then ri(/xjv) — ► 0, ^((J-n) — > 1 awe? r n (/ijv) — > as TV —> oo for any n > 3. 

fi2) (Poisson's law of small numbers) Let {^ N '} be a sequence such that for any n 

A > as N ^ oo. FFe define := (fi^ N ^) ON . Then r n (/xjv) — ► A as N ^ oo for any n > 1. 



5 Conditionally monotone cumulants 

5.1 Additivity of conditionally monotone cumulants 

We discuss the cumulants of conditionally monotone convolution based on Definition 14.61 Although 
conditionally monotone convolution is defined as a part of conditionally free convolution, conditionally 
free cumulants seem to be not suitable to look for the cumulants. For the second component of a pair 
of probability measures, we use monotone cumulants defined in |llj . We define conditionally monotone 
cumulants for the first component. 

Lemma 5.1. Let \i £ V m - We define b n — b n ([i) by H^{z) = z(l + X)^Li 5»J * n ^ e sen se of asymptotic 
expansion. Then b n is of the form 

b n = -m n + W n (mi,- ■ ■ ,m n -i), (5.1) 

where W n is a polynomial. Moreover, b n (D\fi) = \ n b n (ji) for A > 0. In particular, W n does not contain 
a constant term and linear terms. 

Proof. We have 

Hn(z) = z oo — 

fe=l k=l 

Then we obtain the polynomial W n . The last statement is obtained by the relation Hd x ^(z) = XH ^(A -1 z) . 

□ 

Lemma 5.2. For any n > 3, there exists a polynomial Y n of In — 3 variables such that b n {[i\ \> V2 
M2) = b n (^i) + b n (fi 2 ) + Y n (bi(ni), ■ ■ ■ , b n -i(nt), hfa), •• ■ ,^-2(^2))- In addition, Y n does not contain 
a constant term and linear terms. For n — 1 and 2, we have b\ (fix >„ 2 /12) = ^i(mi) + ^1(^2) ond 
62(^1 >v 2 fJa) = b 2 (ni) + b 2 (n2)- 



(5.2) 
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(5.3) 



Proof. The additivity of b\ and & 2 has been proved in Proposition 17.31 We have the equality 

OO OO j / \ 

= h{Mi) + E bn + MG U2 (z) n + z + 6 X ( M2 ) + J2 n+1 z [ 

n— 1 n— 1 

n— 1 n— 1 

By Lemma 15.11 TOfc(V 2 ) has such a form as rrikiyo) = — 6fc(i/ 2 ) + Xk{b\{v2) 1 ■ • ■ ,&fe_i(z/ 2 )), where Xk is a 
polynomial without a constant term and linear terms. Therefore, we have the conclusion. □ 

We now consider cumulants. For cumulants of the second component, we use monotone cumulants 
r n {v) and its generating function A v (z) — — y^-j n-i ■ In order to define conditionally monotone cu- 
mulants, we first give a formal discussion based on the formula (|4.7p . Let {(/^, vi)}t>o be a conditionally 
monotone convolution semigroup with (jiq, vq) — (Sq, 5q). Then {vt}t>a is a monotone convolution semi- 
group with uq = Sq- We define fi := (Xi and v = v\. By (|7.7p we have Hp a+t = H fia o H Vt + — H Vt . 
We assume that m ra (/Zt) is a differentiable function of t. Differentiating the equality by s formally and 
putting s — 0, we obtain 

jH llt {z) = A M {H Vt {z)), (5.4) 
where A^ v ){z) is defined by A( pM ){z) — jjjH^ (z)\ t =o. We expand A^ , v )(z) as a formal power series: 



z'- 

n=l 



5.4[) is equivalent to 



, OO 

G Mt (z) = r n (p, v)G fH {z) 2 G Vt (z)^ 1 (5.6) 



dt 

n—l 

as a formal power series. There exists a polynomial M„ for any n > 3 such that 

^m n {pt) = r n (/i, i/) + M„(ri(/i,i/), • • • ,r n _i(/t,!/),mi(/j t ), • • • ,m„_i(Mt), ^ ^ 

mi(i/(), • • • ,m„_ 2 (^t))- 

It is easy to prove that Mi = and M 2 only depends on ri(/i,u) and mi(/zt). Since mk{vt) can be 
expressed by the polynomial of ri(f),- • • , rk(v), we can prove inductively that m n (^ t ) is of the form 

m n (jx t ) = r n (ji,v)t + t 2 C n {t,n(p,v),- ■ ■ ,r n -\(n,v),r\{y),- ■■ ,r„_ 2 (i/)), (5.8) 

where C n is a polynomial for any n > 3 and rk(p) is the monotone fc-th cumulant of /i. It is easy to 
show that n(ii,v) = mi(fi) and r 2 (//,i/) = cr 2 (/i) = m 2 (/i) — mi(/i) 2 . Therefore, r n ([x,v) are expressed 
by polynomials of mfe(/i) and m^iy) (1 < A; < n.). These relations can be generalized to any probability 
measures /i, ^ € P m . 

Definition 5.3. For probability measures /i, j/ G P m , we define the conditionally monotone cumulants 
r„(^,j/) (n > 1) by the equations m„(/i) = r n {\i,v) + C n (l, n(fx, v), ■ ■ ■ , r„_i(/i, z/), n{v), ■ ■ ■ ,r„_ 2 (i/)) 
for n > 3. For n = 1,2, we define ri(/i,^) := toi(/x) and r 2 (/^, z/) := m 2 (/i) — mi(/i) 2 . 

Now we prove the additivity of the cumulants. The proof is based on the relation of generating 
functions in Proposition 13.31 We note, however, that we can give a proof without the use of generating 
functions as shown in |llj . 

Theorem 5.4. r„((/i, i^) l>jv ) = Nr n (fi, v) holds for fx, v £ P m and iV G N. 
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Proof. We define [In by ((j,n,v >n ) — (/i, v) >N . We define 

n k k 

m n (v,t) :=Y^ ■nYL i l-i r ii-ii-A 1 ') ( 5 - 9 ) 

k— 1 1— io<ii<---<ik-\<^k— n+1 l—l 

and 

m n (iJL,v,t) := r„(/i, + t 2 C n (t,ri(p, v),--- ,r n -i(p, v),n{v), ■ ■ ■ ,r n - 2 {v)), (5.10) 

which may not be moments of a probability measure for general t. It is noted that m n (fi, u, 1) = m n (/x) 
and m„(/i, /i, t) — m„(/i, i). (The latter equality comes from the relation (/i, /i) > (z/, i/) = (ji > f, /x > v).) 
We shall show that m n (/4, AT) = m n (fiN,^ >N , 1)(= m„(^jv)) for any n, iV > 1. We define formal power 

series by (JESJ) and /^(t, *) := (E~=o and iJ„(i,z) := 2te£j*2)~\ We 

note that the equality H„(t + s, z) = H„(t, £f„(s, z)) holds as formal power series (see [TT] for the proof). 
Now we show that 

H (n,v)(t + s,z) = H M (t,H v (s,z)) - H v (s,z)+H( liiV )(s,z). (5.11) 

We define K s (t, z) := Hi^ ^it, H v (s, z))—H l ,(s, z)+Ht IJ/ V \(s, z). By the arguments given before Definition 
15.31 we have 

j t H M (t,z) = A M (H„(t,z)). (5.12) 

It is clear that H(p )U )(t + s, z) satisfies the differential equation 4^Hf^ u \(t + s.z) — A^^{H v {t + s, z) 
for fixed s with the initial value H^ v ^{s,z). On the other hand, by (|5.12[) we have 4^K s (t,z) = 
^n,u)(H v (t,H v (s,z))) = A(p tV )(H v (t + s,z)). Moreover, we have K s (0,z) = H^ iV )(s,z). Therefore, 
H{u, v ){t + s, z) — K s (t, z). Since the coefficients of z k in the equality (|5.11[) are polynomials of t and s, 
we can substitute real numbers. Setting t = s = 1, we obtain m n {n, v, 2) = m n {^2, v > v, 1) = m n (/X2). 
Inductively, we can show that m„(/x, z/, N) = m n (/ijv). By the (power) associativity of conditionally 
monotone convolution, we also obtain m n (n, v, MN) = m n (/j,N, u >N , M) for M, N € N. Then we have 

MNr n (ji,u) + M 2 N 2 C n {MN,r x {n,v),- • • ,r„_;iO, v),n{u), ■ ■ ■ ,r n _ 2 (i/)) 
= Mr n (n N ,v> N )+M 2 C n (M,r 1 ( f i N ,v >N ),--- , r n _i(/ijv, ^ >JV ), n^), • • ■ ,r n - 2 (v >N )). (5 ' 13) 



Since the coefficients of M coincide, it holds that r n (/j.N, v > ) = Nr n (fi, v). □ 
Before closing this section, we summarize the basic relations of generating functions: 

— H M (t,z) = A M (H v {t,z)), H M {l,z) = H fl (z), H M (0,z) = z, (5.14) 

j t H u {t,z) = A u {H u (t,z)), H v (l,z) = H v (z), H u {0,z) = z. (5.15) 
These relations are parallel to 

H lt {z)=z-</> M {H v (z)), (5.16) 

H v {z) = z-ct> v {H v {z)), (5.17) 



which are basic relations in conditionally free convolution. We note that monotone cumulants and Boolean 
cumulants are obtained as special cases of conditionally monotone cumulants: A^^ is a generating 
function of monotone cumulants and A^s ) is a generating function of Boolean cumulants. 

5.2 Moment-cumulant formula and monotone partitions 

Next we show a combinatorial moment-cumulant formula for conditionally monotone convolution. Let 
CNC{n) be the set of all linearly ordered non-crossing partitions defined by 

CNC{n) :— {(-7T, A); 7r G AfC(n), A is a linear ordering of the blocks of n}. (5.18) 



14 



We shall prove that the moment-cumulant formula for conditionally monotone convolution is given 

by 

m «^)= e n w^))( n nviw). (5-i9) 



V : outer V : inner 

This formula is very parallel to conditionally free moment-cumulant formula which can be described as 
m n (/x)= ]T [] R\v\(n,v))( II R W\(v)) (5-20) 

V: outer V: inner 

if we impose the linear order structure. Of course the role of the linear order structure is trivial in 
(I5.20[) . but it is crucial in (|5.19p . When we have defined conditionally monotone cumulants, we used the 
Taylor expansion of the equality ■4^H IJlt (z) — Ar^ v -\{H Ut (z)) , which was useful to prove the additivity 
r n ((/j,,is) >N ) — Nr n (fj,,v). When we try to obtain a combinatorial moment-cumulant formula, this 
equality is not useful and we use the following alternative one. 

Proposition 5.5. Let m n (p,, v, t), m n (p,,t), r n (fi) and r n {ii,u) be the quantities defined above. We have 
the recursive differential equations 

, n— 1 n— 1 k 

—m n (n,i/,t) = ^(fc + l)r n - k {v)m k (ii,v,t) - ^ 2_j r n-k(v)mi(n, v, t)m k -i(n, v, t) 

k=0 k=0 1=0 \ 

n-1 k \ ■ I 



^ ^ r n - k (n, v)mi(fi, v, t)m,k-i(p, v, t). 



k=0 1=0 



Remark 5.6. When we put /i = v, the above equation becomes |ffi„(/i, t) — J2k=o (^+ i ) r n-fe(M) m fe(A i , t) 
which has been obtained in the case of monotone convolution [11] , Moreover, we have 
■f t m n (fi,S ,t) = YX=o Y,i=o r n-k{^.,5 )mi{^,5 ,t)m k ^i{^,5 ,t) since r n (5 ) = 0. In this case r n (fi,S ) is 
an n-th Boolean cumulant. It might be interesting that this differential equation describes the structure 
of interval partitions. 

Proof. We use the same notation as used in the subsection 15.11 Differentiating the equality (|5.1ip w.r.t. 
s and putting s = we obtain 

z) = A v (z)^^(t, z) - A v {z) + A M (z). (5.22) 
We define G^ <v }(t,z) := jj — - ^ z ^ . Then we get the equality 

—jg^(t,z) = A lJ {z)—^{t,z) + G (li . v) {t,z) 2 A v (z) - G M (t,z) 2 A M (z). (5.23) 

(|5.2ip is obtained by the formal power series expansion of (|5.23p . □ 

We say a block V in a partition tt G V(n) is of interval type if there exist j and k (1 < j < n, 
< k < n - j) such that V = {j,j + 1, - ■ ■ ,j + k}. 

Theorem 5.7. The moment-cumulant formula for conditionally monotone convolution is given by 

m n(»)= E Oi( II r W\(j*,vj)( II r W\(v))- (5.24) 

(TT.X)eM(n) ' VGtt, V_eir, 

V: outer V: inner 

Proof. This proof gives the combinatorial meaning of the differential equations (|5.21j) . We give a proof 
by induction. We assume that the formula ()5.24j) . where m„(/i) is replaced by m„(/i,^, t) and rAj is 

replaced by ™, is the case for 1 < n < N. For a given monotone partition (tt, A) <G M(N + 1), we 
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denote it by tt = {Vi < ■ ■ ■ < V^}: this notation means that the indices of the blocks denote the linear 
ordering. We always use this notation in this proof. Note that VLi is a block of interval type. We assume 
I^|tt|I = N + 1 — k (0 < k < N). We divide the summation into several cases focusing on the highest 
ordered block V\„\ . In this point of view, there are two cases where Vj^i is an outer block and is an 
inner block. If V\^\ is an outer block, tt needs to be of such a form as 



lilimini 



< > < — > < — ^> 

where a and t are arbitrary non-crossing partitions with a S MCil) and r € AfC(k-l) (0 < I < k). (When 
I = 0, we understand that a = 0.) Next we need to consider the linear orderings of a and r. We note 
that a linear ordering of the blocks in aUr is equivalent to distributing natural numbers {1, • • • ,|ct| + |t|} 
to them such that a and r, equipped with the natural numbers, become monotone partitions. If a and r 
are once fixed, there are ^-77777]^ possible ways to divide the set {1, • • • , \<r\ + |r|} into two subsets C and 
D with |C| = \a\ and \D\ = |r|. After such a division, we can choose linear orderings of a from C and r 
from D independently with each other, and hence, we can take arbitrary a € M.(l) and r 6 Ai(k — I). 
The above arguments imply that 

e S( n w^))( n nviw) 

(?i%A)e.M(A'+l); 1 1 VGir, Ve7i% 
VL-i: outer V: outer V: inner 

v^v- (|cr| + |r|)!tW + l r l +1 r w _ fc (u > i/)/ tt , x \ / tt , ^ 

= EE E 11 him! ptfftH n nvi(^,-))( n nviM) (5.25) 

fc=0 Z=0 ((T,p)GA1(i) I I I I Villi I VeaUr, VeaUr, 



V: outer V: inner 



(r,X)<=M(k-l) 
N k t 

= y^y^ r„_fc(/f, v) l mi(fj,,u > s)mk-i(iJ.,u,s)ds, 
k=0 i=o J° 

where we have used the assumption of induction in the last line. Next we consider the case where V\ T \ is 
an inner block. In this case, first we count all monotone partitions and later we remove the sums where 
V\ n \ is an outer block. When \ V\ n \ | = N + 1 — k, there are k + 1 ways to choose the position of V\^\ . Then 
we can take arbitrary monotone partition in M.{k) as if the highest block V\„\ were absent. (This idea is 
the same as used in [TT].) The above arguments amount to 

e ot( n wm^x n r mi v ) 

(Tr,\)£M(N+l); 1 1 Veir, V&lt, 
V\ lv \ \ inner V: outer V : inner 

N t^ +1 ( \ / 

k=0 (a,p)£M(k) Vl 1 Veer, Veer, 

V : outer V: inner 26) 

V- (H + |r|)!^l+M+V„_ fc (^) ^ u u r, 

-EE E H , M , pth+I)! v 11 n^i(M^)J( 11 nviM 



(T,\)eM(k-l) 



V: outer V: inner 



pt N k „ t 

y^(fc+ l)r n -k(v) / m fc (z/, s)ds-^^r„_ fc (z/) / mi{ix,v,s)mk-i{lJ-,v,s)ds. 
k=0 fe=0 ;=o 



By Proposition [531 we obtain 



m N +x{n,v,t) = "mTV II r |V|(M,^))( J] r |v|MJ- ( 5 - 27 ) 



7T . 

(ir,A)e-M(JV+l) V'Stt, VGTr, 

V: outer V: inner 
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□ 



6 Limit theorems of conditionally monotone convolution 

We consider the central limit theorem and Poisson's law of small numbers of conditionally monotone 
convolution. Let /i, v € V m such that mi(/i) = mi(u) = and rri2(p) = a 2 and ra^iy) — 1 with a, (3 > 0. 
We dehnc (pN,i/jy) '■= (fi/* ) -Dii') I> ' v . By a simple calculation, we can show that ri(/ijv, ^jv) = 

0, ^(pn , vn) — a 2 and r n (pM ,vn) —> as N — > oo. The second component is the usual monotone 
convolution. Therefore, there exist limit distributions {y a fi,vp) at least in the sense of moments. The 
limit distributions are characterized by 

d a 2 

±H v ,{t,z) = - ^- t z y H Vp (l,z)=H Vp (z). (6.2) 



We obtain H V/3 (t,z) = \/ z 2 — 2(3 2 t from (|6.2|) . Setting t = 1, we obtain the limit measure vp(dx) — 
— dx, x e (— y/2j3, \/2[3). For the first component, we obtain H< v v \{X,z) = (1 — %■)% + 

7Ty'2ft 2 — x 2 K a ^ pl P 

jjj\/z 2 — 2j3 2 , and hence, we have 



_ Q 2 7^2^+(a 2 -/? 2 )z 
G ^ (Z) ~ (2a 2 - (3 2 )z 2 - 2a* ' (6 ' 3) 

This is the Stieltjes transform of the Kesten distribution. If we use the t-transformation, the limit 
distribution can be written by U a 2 /^(i/p). The limit distribution is compactly supported, and then the 
convergence holds in the sense of weak convergence. We note that vp^ = v$. 

Next we consider Poisson's law of small numbers in the setting of triangular arrays. Let fi^ N \ ir^> € 
V m such that Nm n ([/,( N ^) — > A > and Nm n {v^ N ^) — > p > as N — > oo for any n > 1. We define 
(fi N ,v N ) := It is not difficult to prove that r n (jiN ,vn) — > A as N — > oo for any n > 1. 

It is known that i/jv converges weakly to the monotone Poisson distribution p p with parameter p, which 
is characterized by the differential equation 



dt p » [t ' Z) -l-H Pp ( t> z) 



H Pp (t,z)= y _ V * K \ ' H Pp (l,z) = H Pp (z), (6.4) 



where H Pp (l, z) — H Pp {z). We denote the limit distribution lirri/v— >oo A*jv by p\^ p in the sense of moments. 
Then p\ tP is characterized by the differential equation 



By (I6.4p and (|6.5j) we have -j^H^ px p . Pp ){t, z) — ^-^H Pp (t, z), which implies 

H PXp {z)=(l--^z+- p H Pp (z). (6.6) 

It is not difficult to see that p\. p has a compact support. Therefore, pjq converges weakly to p\. p - Also 
in this case, p\ iP can be written as p\, P = U\/ p {p p ). 
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7 Convolutions arising from conditionally monotone convolu- 
tion 

Conditionally monotone convolution generates monotone convolution and Boolean convolution in the left 
component: 

{fi,n)>(v,i/) = (ji>v,fi>v), (7.1) 
{n,5o)>{u,S ) = {jjttiiv,5 ), (7.2) 



which are very parallel relations to (|3.5[) and (|3 ,6[) . For a map T: V — » T 5 , one can define a new convolution 
ffl T by 

(fi ffl T i/, 2> ffl Tv) = (fi, 2» ffl (i/, IV). (7.3) 
A problem of Bozejko is to find all maps T: V — > such that 

T(/i ffl T i/) = T/i ffl IV. (7.4) 

If such T is found, then the new convolution is associative and commutative. Moreover, this is a gener- 
alization of free and Boolean convolutions. This problem has been considered in [TJ, [T51 [TB , 29J, in which 
several such convolutions have been found. Motivated by these works, we consider the following type of 
convolution: 

{H> T v,Tv) = (p,S )m{v ) Tv). (7.5) 
This relation is parallel to (17. 3|) in terms of conditionally monotone convolution: 

(fi \> T v, T\i > Tv) = (ll, T» > (u, Tv). (7.6) 

Clearly, this convolution includes Boolean and monotone convolutions if we take T as Tll = So for all fi 
and T = Id, respectively. 

The convolution may not be associative. Now we give a characterization when the convolution > T 
becomes associative. 

Proposition 7.1. (1) t> T is characterized by the equality 

Hp t> T v = H[* ° Htv + H v — Htw (7.7) 
(2) The convolution [> T becomes associative if and only if 

T(/i > T z/) = I> > TV (7.8) 

for all fx and v. 

Remark 7.2. (1) In many cases T is only defined in a subset of V such as V m . In such a case, the above 

Proposition holds if the subset is closed under the convolution t> T . Hereafter, we often state results about 

the convolution > T only for T: V — > V if such a generalization of the domain of T is trivial. 

(2) It seems to be not known whether the condition (17. 4p is necessary condition for the associativity of 

fflj 1 . 

Proof. ( 1 ) The proof is easy. 

(2) First we calculate H {p >T v) >T A . 



#0 > T i/) > T A = H M > T v o H T x + H x - H T \ 

= Ha o Htv ° Htx + Hv ° Htx — Htv ° Htx + Hx — H 



TX ■ 



Hp > T (v \> T x) is calculated as follows. 



H M t> T („ o T a) — o H T ( V o T A ) + H v > T A - H T { V > T x) 

= H^o H T { V [> T X ) + Hv ° #ta + Hx — H T x - H T ( V > T A ) . 



(7.9) 



(7.10) 
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Then the associativity of the convolution implies that o Ht v ° Ht\ — o iZjv„ > T A) on ly depends on 
v and A. If Htu ° -f^TA were not equal to Ht{ v > t A) f° r some f and A, then there would exist meC\l 
such that H T u ° H T \ (w) ^ H T(lt >T A) (w) . In this case, o iJ T „ o iJ TA (w) - H^o H T(u >T A) (w) clearly 
depends on p, which is a contradiction. Therefore, we conclude that 

Htv ° H T \ = H T (y |> T X) (7-11) 
for all A e P. Conversely, if (|7.11[) holds, it is not difficult to see that the convolution is associative. □ 

We show the additivity of mean and variance, which will be used in the proof of Theorem 18.21 
Proposition 7.3. Let T : V — > V be an arbitrary map. Then we have the following properties. 

(1) V 2 is closed under the convolution > T . 

(2) m(p) and o~ 2 (p) are additive w.r.t. the convolution E> T considered in V 2 : 

m(/i> T v) = m(p) + m(v), (7.12) 

a 2 {p> T v) = a 2 {n) + a 2 (v). (7.13) 

Proof. We use the notation 

H tl (z) = -m(p,)+z+ [ —^—dp^x). (7.14) 
J x - z 

Then we have 

H^ >tU (z) = o H Tv (z) + H v (z) - H Tv (z) 

= -m(fi) + Htv(z) + / = — —dp^(x) + H v (z) - B Tv (z) 

Jm x - H Tv {z) 

1 ,/ I s , , , r ^^ ( 7 - 15 ) 



-mtji) + H v {z) + / d( / (Tu) y (x)dp fl (y)) 

J R x — z \ J R / 

-m(fx) - m{v) + z + I — — d( f (Tv) y (x)dp li (y) + p v {x)\ 

_/ra> X — Z V ./to / 



where \ y € V is defined by H\ = H\ — y for A 6 P. By Lemma [2.161 "P 2 is closed under the convolution; 
moreover, the mean and the variance are additive. □ 

Thus, V 2 is closed under the convolution > T for arbitrary map T. On the contrary, the closedness of 
V+ and "Psym under the convolution > T does not hold without any assumptions. We show the necessary 
and sufficient conditions. 

Proposition 7.4. (1) The following two conditions are equivalent. 

(la) T(V+) C V+ : 

(16) p t> T v e V+ for all p. v e V+. 
(2) The following two conditions are equivalent. 

(2a) T(V sym ) C 

(26) p > T v e V S ym for all p, V G V S ym- 

Proof. (1) We assume (la). By Lemma 12.31 H\ is analytic in C\[0, oo) and H\ < in (— oo, 0) for 
A = p, j/, Tv. Then the composition o Ht v is analytic in C \ [0, oo) , and hence, [> v is also analytic 
in the same region. This implies the condition (1) in Lemma [2~3l We use the notation 

H^z) = b, + z+ [ I±£id7&,(a0 (7.16) 
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and the similar notation for H v . We put g^z) := L 1 ^f z z di]^ (x) . By Proposition 17. 1( we have 

= b„ + gfl (H Tv (z)) + H v (z). 1 ' j 

Since and i?7v are nondecreasing, g^ o iJx„ is also nondecreasing. Then 6 M + g M o 0) < 

fcp + fl^(-O) = H M (-0) < 0. Therefore, we obtain >T „(-0) < 0. 

Next we assume (lb). We shall prove the fact by reductio ad absurdum; we assume that there exists 
v G V+ such that Tv £ V+. In the notation (|7.15p . we have 

H IM>rrV {z) = H ll oH Tv {z)+H v {z)-H Tv {z) 

= -m(/x) + H u (z) + f — d( / (Ti/)„(a!)dp^(y)) (7.18) 

= -m()ti) + H v (z) - Gp^ >T u{z) 

for all /i€P 2 , where we defined > IV by the affinity in the left component of monotone convolution. 
We can construct p € 7^+ such that a(p ll ) = 0. Then from (3) of Lemma [HU we have a(p / _ t > T Ti/) < 
a(Tv) < 0, which means that G p >xw is not analytic in C\[0, oo). By assumption, both fl„> „(z) and 
H u (z) are analytic in C\[0, oo), which is a contradiction to the equality (17.18|) (we note that Lemma l2~2l 
is applicable for any positive finite measure). 

(2) We assume (2a). Since symmetric probability measures are characterized by H^—z) — —H^(z) for 
z G C \ R, the proof is not difficult. 

Conversely, we assume (26). We take p to be the arcsine law with mean and variance 1. Clearly, 
A* € ~Psym- By assumption, # M > T „(— z) = —H^i >T „(z) for all v G V sym . Then (|7.7j) implies that 

y/H Tv (z) 2 - 2 - VHtA-z) 2 - 2 = H Ty {z) + H Tu {~z) (7.19) 

for z G C+. After some calculations we obtain Htv(-z) = —Htv(z), which means Tv G V sym . □ 

Remark 7.5. The above property is a generalization of the Boolean and monotone cases. In the cases 
of Boolean and monotone, moreover, we can show that v Un G V+ implies v G V+ (□ is Boolean or 
monotone convolution) . 

Sometimes the limit distribution of Poisson's law of small numbers concerning a deformed convolution 
does not belong to V+ [15] . We can give a sufficient condition under which the limit distribution belongs 
to V+ in the case of the convolution > T . 

Corollary 7.6. (1) We assume that T(V+) G V+. If Poisson's law of small numbers holds, the limit 
distribution belongs to V+. 

(2) We assume that T(P syxa ) G V sy m- If the central limit theorem holds, the limit distribution belongs to 

T^sym • 

Remark 7.7. Poisson's law of small numbers and the central limit theorem mean the statements as 
given in Theorem II 1.61 

Proof. If we take p {N ^> := (1 - ±)5 + j^i G V+, the limit distribution lim JV ^oo(j" (iv) ) >T N G V+ by 
Lemma [2~H1 For the central limit theorem, we take p := ±(tf_i + <5i). Then {D^_p) > ^ N G V sym and the 
limit distribution also belongs to V sym by Lemma 12.61 □ 

8 V t jU ^-transformation 

We introduce Vt !U)0 -transformation and prove that the transformation satisfies the condition (|7.8p . More- 
over, this family of transformations includes the generalized ^-transformation [16] and the V^-transformation 
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Let /: Q — > R, where Q is a subset of P. Typically Q is chosen to be V 2 , V m or T^c- Motivated by 
the generalized ^-transformation in |16j and ^-transformation in [15j . we look for a transform Vtj of the 
form 

li~V t ,fH, H Vt ^(z) = tH fi (z) + (l-t)z + f( f x). (8.1) 

If /(/i) = (t — u)m(jj,), this is the same as the generalized t-transformation. If t = 1 and f(fJ-) = ar M (2), 
this is the same as ^-transformation (77,(2) is the second free cumulant of /i, which is also equal to the 
variance). 

Lemma 8.1. Assume that Q is closed under the convolution \>v tf - Vtj satisfies the associativity condi- 
tion \7.8j) considered in Q if and only if f(/i \> v± f v) = /(/j) + f(v) for all ji € Q. 

Proof. We denote >y t , by \> t j for simplicity. By (|7.7[) we obtain 

H v tJ {p> tJ u){z) = tH^ >tflJ {z) + (1 - t)z + f(fi \> tJ v) 

= tH,, o H VtjV (z) + tH v (z) - tH Vt fV (z) + (1 - t)z + f(fi > tJ v) 

= tHp o H VtjV {z) + tH v {z) + (1 - t)z + f{v) - tH Vt fU (z) + f{p > tJ v) - f{v) 

= tH^ o H VhfV {z) + (1 - t)H VtJ „(z) + f(fi > tJ v) - f{v). 

On the other hand, we have 

Hv tJt Lt>v tJ v{z) = H Vt ftl o H Vt flJ {z) 

= tH^ o H Vt fV (z) + (1 - t)H Vt fV (z) + /(/x). 

Therefore, the associativity condition (|7.8[) is equivalent to /(/i t> t j v) = /(/j) + f{v)- □ 

We define Vt, ^-transformation by letting 

/(M) = /t,u,oG") = (* - u)m(;u) + acr 2 (/j). (8.4) 

More clearly, we define 

H v t , u , a »(z) = ^(2) + (1 - i)z + (i - u)m(/i) + acr 2 (/j). (8.5) 

We shall prove that V tj „ ia -transformation gives an associative convolution defined on V 2 . It may be 
interesting to consider / including higher order moments, which we do not treat now. We use the 
notation f>t,u,a for the convolution defined by Vt, u ,a- 

Theorem 8.2. The convolution t>t,u,a defined on V 2 is associative. 



Proof. This fact follows from Lemma T8. II and Proposition [7731 □ 

In order to calculate the inverse transformation of Vt iUiQ , we show the following facts. 
Lemma 8.3. We have the following equalities. 

m(V t , u ,aH) = um{jj) - aa 2 (ii), (8.6) 
v 2 {Vt,u,ari = ta 2 (p). (8.7) 

Proof. We use the same notation as in Theorem 18.21 We have 

Hv t u = -um(fi) + aa 2 (fi) + z + t [ dpJx), (8.8) 

J x- z 

which implies the conclusion by Lemma 12.161 □ 
Proposition 8.4. We have the following equality: 

V t > ,a>V t ,u,a = V t 't.u'u,u'a+a't fort>0, U, fl£l. (8.9) 

In particular, we have 

V t ~}„ = Vt-x^-x,-* fort>0, u^O, aeR. (8.10) 
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Proposition 8.5. (1) V+ C\V 2 is closed under the convolution t>t,u,a if an d on ^y if u>t and a = 0. 

(2) "P sym H V 2 is closed under the convolution t>t, u ,a if and only if a = 0. 

Proof. These facts are easy consequences of Proposition 17.41 □ 

Example 8.6. (1) Oravecz has introduced Fermi convolution • in [28]. Oravecz has mentioned the 
relation between Fermi convolution and conditionally free convolution: 

(fj, • v, <5 m(M) ffl 8 m(v) ) = [p, 6 m(p) ) ffl [v, 5 m (y)), (8.11) 

where m(fi) denotes the mean of \x. We can easily extend the Fermi convolution to the convolution 
coming from the map F u defined by F u [i — 5 um ( p y We have Vo, u ,o = F u ; therefore, we obtain an 
associative convolution > p u related to Fermi convolution defined by 

O)) > 

). (8.12) 

(2) Ut := Vt,t,o is called the ^-transformation. We obtain an associative convolution > t arising from U t 
defined by 

(ji > t v,Ut(p) > U t {v)) = Qi,U t {n)) > (v,Ut("))- (8-13) 

We note that the t-transformation gives an interpolation between Boolean and monotone con- 
volutions in the present situation: monotone convolution is obtained when t — 1 and Boolean 
convolution is obtained when we take the limit t — > 0. 

(3) V^-transformation is equal to Vj. i )(t . 

In the following we discuss the meaning of these results. It is known that the ^-transformation Ut 
(t > 0) satisfies the condition (|7.4p . which gives a family of new convolutions EH^ t [7j. These convolutions 
can also be written as 

nmu t v = Ui /t Q4t(n)mut(v)). (s.u) 

Apart from the context of conditionally free convolution, it seems interesting to study the deformations 
of Boolean and classical convolutions defined by the right hand side of (|8. 14(1 , with ffl replaced by W and 
*, respectively. The new convolutions have been studied in [8]. By definition, the deformed convolutions 
are associative and commutative. 

We can also define the same deformations in the monotone case. The results in this section show that 
the deformation has a natural meaning in terms of conditionally monotone convolution as in the case of 
free convolution (cf. (|7.3|) and (17. 6p ). Of course the above discussion is meaningful for any T which is 
invertible such as some class of t-transformations. 



9 Deformations related to monotone infinitely divisible distri- 
butions 

Krystek and Wojakowski have introduced a deformation connected to a ffl-infinitely divisible distribution 
in [15j . which we explain now. For a ffl-infinitely divisible distribution tp with compact support, there 
corresponds a unique weakly continuous ffl-convolution semigroup {^*}t>o with tpo = do and tp± = ip. 
Define a transformation by 

This map satisfies the condition (|7.4p . 

We introduce the monotone analog of &f. 

Definition 9.1. For a >-infmitely divisible distribution £ £ V 2 , let {£,t}t>o be the corresponding weakly 
continuous [>-convolution semigroup with £o = So and £i = £. Let /: V 2 — > M. We define a transformation 

4" : =£/M- (9.2) 
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Lemma 9.2. at satisfies the associativity condition jj7.8\ ) in V 2 if and only if f([it> w $ v) = /(/x) + f(y) 
for all [i, v e V 2 . 

Proof. This fact follows from the equality > S^zv = D 

Theorem 9.3. TTie map ^ (t > 0) defined by /(/x) — £<r^(/i) satisfies the condition \7. 8\ J. 

Proof. The fact follows from Proposition 17.31 □ 

Remark 9.4. (1) If £ = S a , the map f s ,t(n) = — sm(/i) + ta 2 (n) (s,t £ R) is also possible. In this case 
we have q = Vo, u ,a- 

(2) It may be interesting to consider higher moments than two, which we do not consider now. 

Proposition 9.5. (1) 'P+Pi'P 2 is closed under the convolution [>_{ if and only if £ £ 'P+Pi'P 2 . 

(2) We assume that £ € V c . Then T J S ym^'P c is closed under the convolution >_5 if and only if £ € 

^sym n T^c • 

Proof. This is an immediate consequence of Lemma [2~4l Lemma [2~S1 and Proposition 17.41 □ 

10 Cumulants of deformed convolutions 

We define :— r„(/i, T/i). We show that is suitable for the cumulants of the convolution |> T . 

Proposition 10.1. We assume that there exists a polynomial V n of n + 1 variables, which does not 
contain a constant term, such that 

m n (T» = V n (mi • (10-1) 

/or any n > 1. TTien i/ie conditions (Ml) and (M2) hold for the convolution > T . 

Proof. By jSH} and ([TOTTjl . we obtain (Ml). (M2) follows from the facts that both W n and Y n do not 
contain constant terms and linear terms. □ 

Theorem 10.2. Let T: V m — * Pm &e a map satisfying |7.<$[ ) and 110.1\) . Then r n (/j,,Tfj,) satisfy the 
conditions (CI) and (C2') w.r.t. the convolution O t . 

Proof. (C2') follows from the definition of conditionally monotone cumulants and p0.1[) . (CI) is showed 
as follows: 

We note that the conditionally free cumulants R n (n,Tn) satisfy the conditions (CI) and (C2') under 
the same restriction, but this fact will not be used in this paper. 

Proposition 10.3. Let T : ? m — > ? m be a map satisfying the condition J7.^| ). M^e assume that the n-th 
moment of Tfi is of the form 

m„(l» = V n {mi(n),- ■ ■ ,m n+ i(p)) (10-2) 

for any n > 1, where V n is a polynomial which does not contain a constant term. Then the convolution 
EBt satisfies the conditions (Ml) and (M2), and R n (fj,,T/j,) satisfy the conditions (CI) and (C2'). 

Remark 10.4. The condition (TiTH?]) is satisfied in all convolutions studied in [71 151 IT51 [TBI |2"5] . 
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11 Limit theorems of deformed convolutions 



Central limit theorem and Poisson's law of small numbers of the convolution t> T hold by Theorem 14.101 
in the sense of the convergence of moments under the conditions (|7.8p and (|10.1[) . We summarize the 
statements combining Theorem 14.101 and Theorem 110.21 

Theorem 11.1. Let T: V m — > V m be a map which satisfies &7.8\ ) and UP. 1}) . 

(1) (central limit theorem) Let (i be a probability measure in Vm with mean and variance 1. We define 
UN := (-D_i = /i) * >T N . Then m n (/ijv) converges to m n (y^), where m n {y^) are characterized by 

^H m {z) = - 1 (11.1) 

(2) (Poisson's law of small numbers) Let {^ N '}^ = i be a sequence of probability measures in V m such 
that Nm n {^ N ^) -»• A > as N ->• oo for all n > 1. We define [i N := (^W)^^. Then m n (^ N ) 
converges to m n (p x ), where m„(p x ) are characterized by 

d H Tv {T) ^ 

In this section we calculate the limit distributions for T constructed in the sections |H] and [H If T is 
invertible, we can use monotone cumulants to calculate the limit distributions since /i t> T v = T _1 (T/Lt > 
Tv). Cumulants introduced in Section fTUl however, enable us to calculate the limit distributions for even 
non-invertible T. In this section, we always use cumulants introduced in Section [TOl 

11.1 Vt <u ^-transformation 

We now calculate the limit distribution in central limit theorem of the convolution l>t.u,a for t > 0, 
u e R and a e M. We only calculate the cases a = and t = 0. We denote r^ t,u ' a (/i) by ri*' u ' a ' ) (/i). In 
this section we use two logarithms logm and logpj: log^^z) is defined by log[ 1 ](z) :— \og\z\ + iarg(z), 
arg(z) € (— 7r,7r), z e C\(— oo,0]; logr 2 i is defined by log|z| + iarg(z), arg(z) g (0,27r), z e C\[0,oo). 
We define y/z by exp(i logpj z) for z S C \[0, oo). Then the Cauchy transform of the normalized arcsine 
law is given by ^ z l_ 2 for z 6 C+. 

Theorem 11.2. ('Ij Let /i be a probability measure in V m with mean and variance 1. Then fi^ '■= 
(D j_/i) >t '"'°-' v converges weakly to the Kesten distribution Fort > 1, £/ie absolutely continuous 



part is ^ i) x 2 dx and is supported on [— y/2t, y/2t\. For t < 1, i/*>°) contains atoms at x = ±—j==. 
(2) Let ix be a probability measure in Vm with mean and variance 1. Then /ijv := (D i /i) l> °'' l -° iv 
converges weakly to a probability measure i/°> a ) . T7ie absolutely continuous part of r/°' a ) ?s given by 



v 



(o,a) L _ = J (I5Fri+fraW da: ' ^G[-a,0], a>0, 
( i og |i + J|_ a ^ + ^ ^ a;e[0,|a|], a < 0. 



|ac 



2,(0, a) con i a { ns i w0 atoms: one in (— oo, — a) and one m (0,oo) /or a > 0; one in (— oo,0) and one in 
(|a|, oo) for a < 0. 

Remark 11.3. (1) The Kesten distribution also appears in the central limit theorem of EB^ t with 
the parameter t replaced by 2t. 

(2) The limit distribution of (2) is symmetric only in the case of a — where the convolution is Boolean 
convolution (cf. Proposition 18 . 5 jl . 

Proof. (1) We denote r^'^' a {y) by r\{ u > a (v). Let {^i*'°' ) } s >o be a (formal) convolution semigroup which 
is a solution of (jll.ljl for T = Vt, u ,Q- (The word "formal" means that the limit moments might not 
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be deterministic. Therefore, we consider as a sequence of moments.) We note that rni(^i t,0 ' > ) = 

srf '"' Vi*' 0) ) = 0. Then (z) = tH^ t . a) (z) + (1 - t)z. We denote H^ t , 0) (z) by iJ s (z). (fTTTTIl 

can be integrated and we obtain ^H s (z) 2 + (1 — t)zH s {z) = —s + (1 — |)z 2 , which implies 



Gs(Z) " (l-|) Z 2_ 2s ■ I 11 - 4 ) 

Gi is the Cauchy transform of the Kesten distribution (see [5]), whose support is compact. Then the 
weak convergence holds (see Theorem 4.5.5 in [5]). 

(2) Let {i4°' a ^} s >o be a (formal) convolution semigroup which is a solution of (lll.ip for T = Vb,o. a - We 
note that mi(^°' a) ) = and <r 2 (^ ' a) ) = 4°'°' a) (i/i ' a) ) = s. Then C0lO) (z) = z + as. We denote 

H v (o,a)(z) by H s (z) for simplicity. We have 

f 1 

H s (z) = - dr + z 

Jo z + ar (n 5) 

1 / as s 

= z--lo g[1] + - 

case a > 0: The absolutely continuous part of the limit distribution is given by 

(io g |i + ° \-ax) 2 +-K 2 d x which is supported on the set {x £ R; G\{x + iO) < 0} = [—a, 0]. We can show that 
the limit distribution contains one atom in (0, oo) and one atom in (— oo, —a). 

case a < 0: The absolutely continuous part is given by ( log \ 1+ a^}_ ax y +7T 2 dx which is supported on the set 
[0, |o|]. We can show that the limit distribution contains one atom in (|a|,oo) and one atom in (— oo,0). 

We note that the case a = corresponds to the Boolean convolution, and hence, the limit distribution 
is |(<5_i + □ 

We calculate the limit distribution of Poisson's law of small numbers. We consider only the case 
T = Vb, u ,oJ otherwise, the explicit form is difficult to obtain. 

Theorem 11.4. Let {m }iv=i be a sequence of probability measures in Vm such that Nm n (fj,^ N ^) — > 
A > as N — > oo for all n > 1. Then /i^r '■— (i_i( N )) >0 - u - aN converges weakly to a compactly supported 
distribution p^' a \ The absolutely continuous part ofp^' 01 ^ is given by 

-dx, x £ [1 — (a — u)X, 1], a > u, 

_ (11 . 6) 



^log|l + I^i|_(o- u )(x-A)^ +W* 

—. ^— - dx, x £ [1,1 + (u — a)X], a < u. 

hog|l + fc^i|_(o- u )(x-A)J 



p l £ L ' a%> contains two atoms: one in (—00, 1 — (a — u)X) and one in (l,oo) for a > u; one in {— oo, 1) and 
one in (1 + (u — a)X, oo) for a < u. 

Remark 11.5. One can see that pl"' a ^ is in V+ if and only if u > a (cf. Proposition 18. 5|) . 

Proof. We note that mi(pf' o) ) = r[°' u>a] '0l"' a) ) = X and a 2 (p^ a) ) = X. Then we obtain the differential 
equation 

^-H ( .. o) (z) = 1 — -. (11.7) 

oX p \ z — 1 + (a — u)X 

The remaining arguments are similar to Theorem 111.21 and we omit the proof. □ 

11.2 Deformations related to O-infmitely divisible distributions 

For a compactly supported ^-infinitely divisible distribution £, let {£,t}t>o be the corresponding weakly 
continuous O-convolution semigroup with £ = #o and £i = £. Then £ t is compactly supported for 
each t > [H]. Let {i^s } s >o and {p« } s >o be the (formal) convolution semigroups defined by (|ll.ip 
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and (|11.2p , respectively. We denote ?V (//) by r^'*^(/x). Since r^'*'(^'*') = cr 2 (^F'*') = s we obtain 

[6, 
x 



S^P 1 ) = £ st . Similarly, we obtain sf (plf'* 1 ) = £x t . Therefore, (fTTT|) and (fTO]) become 



^'W = -^W- (1L8) 
£^i(«) = t%4t (1L9) 

dA Pa l-i% A (z) 

These equations have been defined in the sense of formal power series of moments. Moreover, in the 
present case, we can show that any one of (|11.8|) and pi.9|) gives a sequence of moments of a compactly 
supported probability measure for each s > since the right hand sides of (|11.8|) and (|11.9j) are analytic 
outside a ball. Therefore, z^F'*' and make sense as uniquely determined probability measures. Since 
the limit distribution is compactly supported, the convergence of moments in Theorem 111.11 becomes the 
weak convergence. We summarize the above arguments. We denote by l>[f,t]- 

Theorem 11.6. Let £ be a \> -infinitely divisible distribution in V c . 

(1) (central limit theorem) Let fi be a probability measure in "P m with mean and variance 1. Then 
j-iN '■= (-D 1 A 4 ) >I5 tl converges to u^'^ weakly. 

(2) (Poisson's law of small numbers) Let {^ n ' > }°n = i be a sequence of probability measures in V m such 
that Nm n {^ N ^) — > A > as N ^ oo for all n > 1. Then /ijv '■= (/i^ A '^) I> [«'*] Ar converges to P\ weakly. 

We calculate the limit distributions explicitly when £ is the normalized arcsine law. 

Theorem 11.7. Let r\ be the normalized arcsine law. 

(1) The limit distribution v^'^ is given by the Kesten distribution . 

(2) The absolutely continuous part o/pj^'*' is supported on [— \/2Xt, \/2At]U[l, \/2Xt + 1]. The singular part 
consists of three parts: one atom exists in (\/2Xt + 1, oo); one atom exists in (\/2Ai, 1) i/0 < t < Jj- and 
(l-|)v / 2At-|log(l-v / 2Al)-A < 0; one atom exists in (-oo, -V2Xt) if (j-l)V2Xl-± log(V2Al+l) > 0. 

Remark 11.8. It is remarkable that the limit distribution in (1) also appears in Theorem 10 in [TS] with 
the parameter t replaced by 2t. 

Proof. (1) The differential equation (|11.8|) becomes 

d 1 

—H u , t] (z) = (11.10) 

ds V ' Vz 2 -2ts V ' 



which implies H^[ v , t ](z) = (1 — j)z + jVz 2 — 2ts. Therefore, the limit distribution is the Kesten distri- 
bution. 



(2) The differential equation (lll.9|) becomes 



d , . yfz 2 - 2Xt 

—H le ,t](z)= . =. (11.11) 

dX pa ( ' i- Vz 2 - 2Xt V ' 



We can solve this and obtain 



tl (z) = (l - ])z + \^z^2~Xt+ \ lo g[11 f ^ A . (1L12) 



"• > t ' - ' / V z-1 



One can see that limi m z \^o H p n ,*] (z) > if and only if Re z E (— \/2At, y/2Xt) U [1, y/2Xt + 1] . We remark 
that H [{,*] (x) is strictly increasing in the intervals (— oo, — ^/2Xt), (^/2Xt, 1) and (\ / 2Xt + 1, oo). Then it 

Pa 

is not difficult to show the existence of atoms. □ 
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